Quantum Fourier transforms (QFT) have gained increased attention with the rise of quantum walks, boson sampling, and quantum metrology. Here we present and demonstrate a general technique that simplifies the construction of QFT interferometers using both path and polarization modes. On that basis, we first observed the generalized Hong-Ou-Mandel effect with up to four photons. Furthermore, we directly exploited number-path entanglement generated in these QFT interferometers and demonstrated optical phase supersensitivities deterministically.
Quantum interference lies at the heart of quantum mechanics. Increasing the number of single photons and the complexity of optical circuits are key advances for a quantum advantage in many photonic quantum processing tasks [1] ; including quantum computing [2] , quantum simulation [3] , and quantum metrology [4] .
The Hong-Ou-Mandel (HOM) effect [5] is regarded as one of the quintessential quantum interference phenomena. In the original experiment, two identical single photons interfered and bunched in a two-mode quantum Fourier transform (QFT) interferometer (i.e., a balanced beam splitter). Generally, n identical single photons interfering in an n-mode QFT interferometer [6] will lead to a higher-dimensional bunching effect [7, 8] , which is expected to play an important role in understanding and exploiting multiphoton interference. A recent application of the QFT is to use it for stringent and efficient assessment of boson sampling [9] , which can guarantee the results contain genuine quantum interference [10] . The QFT interferometer has been constructed on chip with up to eight modes [6] . However, only three-photon assessment was demonstrated [4] , due in part to the relatively high loss of the optical circuit. For this scheme to work with more photons, it is essential to construct large-scale and low-loss QFT interferometers.
Quantum metrology is another important application intimately related to quantum interference. One of the most versatile quantum metrology devices-the MachZehnder interferometer (MZI), is made up of two balanced beam splitters. Naturally, m-mode QFT interferometers were proposed to construct multimode MZIs for precision improvement [13, 14] or simultaneous estimation of multiple phases [15, 16] . Recently, Motes and Olson et al. [7, 17] pointed out that an n-mode MZI fed with a single photon into each arm can be used to beat the shot noise limit (SNL) deterministically [see Fig. 1 ], requiring neither nonlinear nor probabilistic preparation of entanglement. However, since multimode MZIs consist of a QFT and an inverse QFT interferometer, having higher loss and lower stability than a single QFT interferometer, only one [13] and two [14] photons were tested in a three-mode MZI so far. It remains a challenge to observe multiphoton interference in multimode MZIs to beat the SNL.
In this work, we develop a general approach to simplifying the construction of QFT interferometers using both path and polarization modes, which makes it possible to reduce resources as much as 75% when compared to devices using only path modes. We report the first experimental demonstration of the generalized HOM effect with up to four photons. Moreover, we constructed multimode MZIs using two cascaded QFTs and observed phase supersensitivies deterministically.
The single-photon inputs were generated via three
Quantum metrology scheme of the QFT interferometers using single-photon inputs. The QFT acts as the number-path entanglement generator, while the inverse transform QFT † is used for un-entangling the probe. Counting coincidence events with one photon per output mode leads to the probability distribution that is used to estimate the unknown phase ϕ. spontaneous parametric down conversion (SPDC) sources [ Fig. 2(a) ], each emitting one pair of photons |H s |V i , where H and V denote horizontal and vertical polarizations, and s and i correspond to the signal and idler path modes, respectively. For n = 2, one pair of SPDC photons was enough, while for n = 3, another SPDC was added, and all three SPDCs were used for n = 3. For the latter two cases, post selection of a four-fold (six-fold) coincidence, consisting of one (two) triggers, ensures that only three (four) photons enter the setup in separate modes with a negligible higher-order noise. The QFT interferometers were constructed with lowloss bulk-optical elements. In order to decrease the number of beam splitters and improve the interference stability, we exploited polarization and path modes simultaneously. This simplification makes us able to construct the QFT interferometers with only one non-polarizing beam splitter (NBS) for n = 4 and 2 [ Fig. 2 (b), (c)], and one polarization-dependent beam splitter (PDBS) for n = 3 [ Fig. 2(d) ]. More details can be found in the Supplemental Material [19] .
Generalized HOM effect.-Going through the QFT interferometers, the single-photon inputs will evolve as,
Other terms are destructively interfered to zero according to the so-called zero-transmission law [7] , which predicts which output configurations will be strictly suppressed in the generalized HOM effect. The theoretical and experimental probability distributions are shown in Fig. 3 . We use the fidelity defined as F = i √ p i q i to quantify the similarity between the experimental probability distribution {p i } and the theoretical one {q i }, with respect to the three states in Eqs. [19] .)
The results can also be viewed as a nonclassicality witness of the input sources [8] . We calculated the average second-order correlation function, defined as G n = (20) (02) indicating good average pairwise indistinguishability of the input sources.
Quantum metrology based on the QFT.-Our scheme has different phase distributions {f j ·ϕ} n j=1 , as illustrated in Fig. 1 . To demonstrate the basic principle, we chose two phase distributions (linear phase f lin j = j − 1 and delta phase f δ j = δ j,1 ) and implemented two-to fourphoton experiments. As shown in Fig. 4 , all experimental fringes exhibit phase superresolution and, most importantly, oscillate with a better visibility than the corresponding classically limited distributions, which are given in the Supplemental Material [19] . Different from other schemes based on engineered entangled states, e.g., the N00N state [20] , the QFT-based quantum metrology scheme directly exploits deterministically generated entanglement [Eqs. (1 -3) ]. Thus, we do not need to worry about post-selection efficiency when trying to demonstrate phase supersensitivity [21] .
The linear phase scheme has phase sensitivity that scales as O(1/n 3/2 ) [17] . Unfortunately, the high sensitivity is due to the linearly increasing phase shift {(j − 1)ϕ} n j=1 , but not the quantum nature of multiphoton interference [22] . Nevertheless, the linear scheme is superresolving and could have applications to quantum microscopy [23] . Note that the largest relative phase shift is (n − 1)ϕ ∼ nϕ. If we run a classical two-mode MZI n times to measure the largest relative phase shift nϕ, its classical sensitivity is ∆(nϕ) = O(1/n 1/2 ), that means ∆(ϕ) = O(1/n 3/2 ), giving the same improvement as the linear phase scheme. In fact, it has been pointed out that Kitaev's phase-estimation algorithm, based on the QFT with a similar linearly increasing phase shift, cannot beat the SNL unless one uses adaptive measurements [24] .
The delta function proved to be the best phase distribution to demonstrate phase supersensitivity, although ∆ϕ only scales as n 8(n−1) [7] . As the number of photons increases, the phase sensitivity approaches a constant. As a result, the superresoluion disappears and the output fringes approach the SNL distribution quickly. Only in the low-photon-number regime (n ≤ 6), is it possible to beat the SNL. In the experiment, the effective visibilities of the measured fringes are 0.94 ± 0.02 and 0.97 ± 0.03 for n = 3 and 4, respectively. They are greater than the corresponding thresholds (0.83 and 0.93) to beat the SNL. As shown in Table I , all the measuring phase sensitivities beat the SNLs. More details can be found in the Supplemental Material [19] .
In conclusion, we have experimentally demonstrated the generalized HOM effect in QFT interferometers and observed phase supersensitivies in the multimode MZIs with two, three, and four photons. Our simple QFT devices may be used to realize other QFT-based applications, such as quantum-enhanced multiphase estimation [15, 16] , entanglement generation and transformation [25] , sorting quantum systems efficiently [26] , nonmonotonic quantum-to-classical transitions [27] , and simulations of geometric phase [28] . Additionally, the scheme using both path and polarization modes are also suited to optical waveguide systems for simplifying the construction of QFT interferometers.
The ultraviolet pumping laser which we use has central wavelength of 390 nm, pulse duration of 100 fs, repetition rate of 80 MHz. The pulses pump collinear Type-II cut BBO crystals and generate PDC photon pairs. In order to minimize higher order noise, we deliberately lower the average pump power to 650 mW while maintaining a feasible brightness. We estimate a single pair generation efficiency ∼0.02, and a collection and detection efficiency ∼0. 26 .
Accurate spatial and temporal mode overlap are necessary to make indistinguishable independent photons. To achieve good spatial and temporal overlap, all photons are spectrally filtered and detected by fiber-coupled single-photon detectors. To find the optimal indistinguishability, we scanned the delay lines ∆d 1 -∆d 3 and observed HOM interference fringes, as shown in Fig. S1 .
Imperfection of optical elements is another main cause for experimental error. For example, the splitting ratio tolerance (±3%) of beam splitter will make the interferometer deviate from the quantum Fourier transform slightly. Total efficiency of the 3 (4) modes optical interferometer is ∼0.87 (∼0.94). As to interference stability, the interferometers which we build are compact and stable enough (> 1 day) to finish the measurement.
OPTICAL INTERFEROMETER CONSTRUCTION
For n = 2, the QFT is equivalent to the Hadamard matrix
which can be realized by an NBS with two path modes [see Fig. S2(a) ]. For n = 3, three modes are represented by (|H 1 , |V 1 , |H 2 ), where subscript 1 and 2 refer to path modes. The QFT can be realized by a PDBS with reflectivity 1/3 for horizontal polarization and perfect reflectivity for vertical polarization [see Fig. S2(b) ]. The function of the PDBS could be written by
For n = 4, four modes are represented by (|H 1 , |V 1 , |H 2 , |V 2 ). The QFT interferometers can be realized by a NBS followed by a polarizing Hadamard matrix H in one path, which can be realized by a HWP, and a polarizing transform
in another path, which can be realized by a QWP and a HWP [ Fig. S2(c) ].
SIMPLIFYING QFT INTERFEROMETERS USING PATH AND POLARIZATION MODES
Given a d-mode non-polarizing QFT interferometer F d×d , we can expand it to F 2d×2d as,
where
is the product of Hadamard matrix and phase shift matrix, and P is the 2d × 2d permutation matrix that maps the column vector
that is, it shuffles components of v such that horizontal polarizations appear on the first half and vertical polarizations on the latter part. The scheme is essentially equivalent to the first stage of the fast Fourier transform, i.e., the famous factorization discovered by Cooley and Tukey [1] (also by Gauss [2] in 1805). The general method [3] requires O(m 2 ) beam splitters to realize an arbitrary m-dimensional unitary transformation, which was recently adopted to realize a six-mode QFT interferometer in a planar light-wave circuit [4] . With the help of the aforementioned technique, the number of beam splitters can be reduced by 75%. Thanks to the special form of the QFT, more efficient methods [5] only requiring O(m log(m)) beam splitters have been proposed and used to construct an eight-mode QFT interferometer in a complex 3D waveguide circuit [6] . In this case, the number of beam splitters can still be reduced by over 50%.
CLASSICAL PROBABILITY DISTRIBUTIONS OF THE QFT INTERFEROMETERS
For comparison, we measure the output probability distributions in the QFT interferometers with distinguishable single-photon inputs (which can be modelled by inserting identical coherent-state inputs). The results are shown in 
NORMALIZED LINEAR PHASE VERSUS DELTA PHASE
In the main text, we have explained why we cannot use the QFT interferometers with linear phase distribution to beat the SNL. The root of the problem is the utilization of multiple phases ϕ. In order to compare different strategies fairly, we adopted the normalization condition i f i = 1 [7] and redrew the fringes of output probability as function of phase shift ϕ. As shown in Fig. S4 , we can conclude that the fringe with higher phase sensitivity also has steeper slope near the origin.
PHASE SENSITIVITY CALCULATION
The experimental data can be fitted by the fringes as
where p is the theoretical probability [7] , and A and V are fitted parameters denoting the largest count rate and effective visibility, respectively. According to the CramerRao bound, the phase sensitivities can be determined as ∆ϕ = 1/ √ FI, where FI denotes the Fisher information,
The error of FI can be deduced from the error of V via Eq. S.2 and error propagation formula.
For the delta-phase scheme, letting FI > n, we can obtain the thresholds of the effective visibility to beat the SNL. The thresholds are 0.708, 0.826 and 0.923 for n = 2, 3 and 4, respectively. In Eq. S.2, p at the origin and V are independent of the phase ϕ. It is then easy to see that the schemes with the largest FI (and consequently the smallest phase uncertainty) will have the steepest (largest) slope of p(ϕ) near the origin. That this is so can be seen clearly in the data plots in Fig. S4 . (20) (02) 
